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Abstract
We solve exactly the Dyson-Schwinger equations for Yang-Mills theory in 3 and 4 dimensions. This permits us to
obtain the exact correlation functions till order 2. In this way, the spectrum of the theory is straightforwardly obtained
and comparison with lattice data can be accomplished. The results are in exceedingly good agreement with an error
well below 1%. This extends both to 3 and 4 dimensions and varying the degree of the gauge group. These results
provide a strong support to the value of the lattice computations and show once again how precise can be theoretical
computations in quantum field theory.
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1. Introduction
Yang-Mills theory, and more generally quantum
chromodynamics (QCD), is known to be difficult to
approach theoretically. Most results we know come
from perturbation theory in a small coupling regime or
from computations done on powerful computer facili-
ties, using extended lattices, where the theory is mapped
in the Euclidean case. Results about the propagators
and the spectrum have been successfully obtained just
in the latter case in 4 dimensions [1, 2, 3, 4, 5] and
[6, 7, 8, 9, 10, 11] in 3 dimensions .
So far, theoretical good results on the spectrum have
been obtained using dispersion relations (see [12] and
refs. therein). In general, theoretical derivations, that
are obtained straightforwardly from Yang-Mills theory,
are lacking in 4 dimensions, in the low-energy limit.
The situation appears rather better in 3 dimensions,
where some analysis have been performed, reaching
agreement with lattice computations for the string ten-
sion [13, 14, 15, 16] and the spectrum [17, 18]. A
successful approach was devised by Karabali, Kim and
Email address: marcofrasca@mclink.it (Marco Frasca)
Nair with a set of matrix variables to work in this case to
obtain a wavefunction results of the theory [19, 13, 14].
Karabali, Kim and Nair approach permits to obtain the
string tension and higher order corrections to it [16].
For the spectrum, a proper wavefunction was postu-
lated [17, 18]. The agreement with lattice data was im-
pressive but also logarithmic confinement was obtained.
Generalizations to 4 dimensions of this approach were
unsuccessful so far.
About the question of confinement, in 4 dimensions
a key role is played by the running coupling. This has
been extensively discussed in literature [20, 21, 22, 23,
24, 25, 26, 27, 28]. While in 3 dimensions the theory
is super-renormalizable and no renormalization occurs,
in 4 dimensions, due to the running coupling, a linear
potential arises by combining this with the potential in
the Wilson loop [29, 28]. In 3 dimensions, confinement
occurs but with a logarithmic potential [30] as also seen
in [17, 18].
In this contribution, we will show how Yang-Mills
theory can be solved exactly both in 3 and 4 dimen-
sions, obtaining the exact correlation functions till order
2, providing the spectrum in agreement with lattice re-
sults well below 1%. Confinement is straightforwardly
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proved in 3 dimensions. This grants also a theoretical
validation of lattice computations, if ever needed.
We consider a set of massive non-linear waves ex-
actly solving the classical Yang-Mills equations [30, 31]
at the ground state of the theory. This can be written in
the form
Aaµ = η
a
µχ(x) + O
(
1/Ng2
)
(1)
being ηaµ a set of constants. Then, in d = 3 + 1 these are
χ(x) = µ(2/Ng2)
1
4 sn(p · x + φ,−1) (2)
being µ a constant with the dimensions of a mass and φ
an arbitrary phase. These are exact solutions provided
the following dispersion relation holds
p2 = µ2
√
Ng2/2. (3)
This is so because the theory is massless but, if we
would add a mass term, changes in both the dispersion
relation and the solution must be considered as we will
see below. For d = 2 + 1 the solution is
χ(x) = a
√
2
1
2 Ng2sn(p · x + φ,−1) (4)
being a a dimensionless constant. Now the dispersion
relation becomes
p2 = a2N2g4/
√
2. (5)
These solutions solve the 1P Dyson-Schwinger equation
in the Landau gauge [31]
∂2Ga1ν(x) + g f
abc(∂µGbc2µν(0) + ∂
µGb1µ(x)G
c
1ν(x)− (6)
∂νGνbc2µ (0) − ∂νGb1µ(x)Gµc1 (x))
+ g f abc∂µGbc2µν(0) + g f
abc∂µ(Gb1µ(x)G
c
1ν(x))
+ g2 f abc f cde(Gµbde3µν (0, 0) +G
bd
2µν(0)G
µe
1 (x)
+Geb2νρ(0)G
ρd
1 (x) +G
de
2µν(0)G
µb
1 (x)+
Gµb1 (x)G
d
1µ(x)G
e
1ν(x)) = 0.
This equation can be simplified to
∂2Ga1ν(x) + g
2 f abc f cde(Gµbde3µν (0, 0) +G
bd
2µν(0)G
µe
1 (x)
(7)
+Geb2νρ(0)G
ρd
1 (x) +G
de
2µν(0)G
µb
1 (x)
+Gµb1 (x)G
d
1µ(x)G
e
1ν(x)) = 0.
with a “mass term” determined by the 2P function
G2(0). This is a characteristic of the Dyson-Schwinger
equations where lower order equations depend on solu-
tions to higher order equations. In our case, this is not
a concern. In d = 2 + 1, this mass term can be set to
zero because no renormalization of mass occurs [30].
Indeed, the overall effect is to give a correction to the
arbitrary dimensionless parameter a and so, it is point-
less. In d = 3 + 1, this term should be accounted for as
renormalization of mass occurs. The Dyson-Schwinger
equation for the 2P function is in the Landau gauge can
be written down as [31]
∂2Gam2νκ(x − y) + g f abc(∂µGbcm3µνκ(0, x − y) (8)
+ ∂µGbm2µκ(x − y)Gc1ν(x) + ∂µGb1µ(x)Gcm2νκ(x − y)
− ∂νGµbcm3µκ (0, x − y) − ∂νGbm2µκ(x − y)Gµc1 (x)
− ∂νGb1µ(x)Gµcm2κ (x − y)) + g f abc∂µGbcm3µνκ(0, x − y)
+ g f abc∂µ(Gbm2µκ(x − y)Gc1ν(x)) + g f abc∂µ(Gb1µ(x)Gcm2νκ(x − y))
+ g2 f abc f cde(Gµbdem4µνκ (0, 0, x − y) +Gbdm3µνκ(0, x − y)Gµe1 (x)
+Gbd2µν(0)G
µem
2κ (x − y) +Gacm3νρκ(0, x − y)Gρb1 (x)
+Geb2νρ(0)G
ρdm
2κ (x − y) +Gde2νρ(0)Gρbm2κ (x − y)
+Gµb1 (x)G
dem
3µνκ(0, x − y) +Gµbm2κ (x − y)Gd1µ(x)Ge1ν(x)+
Gµb1 (x)G
dm
2µκ(x − y)Ge1ν(x) +Gµb1 (x)Gd1µ(x)Gem2νκ(x − y))
= g f abc(∂νKbcm3κ (0, x − y) + ∂ν(P¯b1(x)Kcm2κ (x − y)))
+ ∂ν(K¯bm2κ (x − y)Pc1(x))) + δamgνκδ4(x − y).
In the Landau gauge, these equations take a very simple
form because the 2P function can be cast in the form
Gam2νκ(p) = δam
(
gνκ − pνpκp2
)
∆(p). (9)
Indeed, these Dyson-Schwinger equations can be
rewritten in the following form [32]. The 1P function
is given by the equation
∂2χ(x) + 2Ng2δµ2χ(x) + Ng2χ3(x) = 0, (10)
obtaining, in four dimensions, the mass correction
δµ2 =
∫
d4p
(2pi)4
∆(p), (11)
and, for the 2P function, one has
∂2∆(x−y)+2Ng2δµ2∆(x−y)+3Ng2φ2(x)∆(x−y) = δ4(x−y).
(12)
2. Case d = 2 + 1
We start by discussing the 3 dimensional case. The
equation for the propagator can be solved exactly, given
the 1P function, and the solution is the following [30]
∆(p) =
∞∑
n=0
Bn
p2 − m2n + i
(13)
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being
Bn = (2n + 1)2
pi3
4K3(−1)
e−(n+
1
2 )pi
1 + e−(2n+1)pi
(14)
and the mass spectrum
mn = (2n + 1)
pi
2K(−1)a
Ng2
2
1
4
(15)
being K(−1) the complete elliptic integral of the first
kind. We note the presence of the dimensionless a fac-
tor. The theory is super-renormalizable in 3 dimensions
so, the δµ2 term is harmless here and can be absorbed
into the arbitrary a factor. Due to the properties of the
gluon propagator, the Wilson loop can be easily evalu-
ated yielding the potential [30]
VYM(r) = − g
2
4pi
C2(R)
∞∑
n=0
BnK0(mnr) (16)
being K0 a modified Bessel function of order 0. This
is the potential given by Leigh&al. [17, 18]. Yang-
Mills theory in 2+1 dimensions is confining but the
potential increases just logarithmically. This can be
seen immediately by noticing that, at small distances,
K0(mnr) = − ln(mnr/2) + . . .. Then, the string tension
can be evaluated to [30]
σRKKN = σKKN
pi
2
5
4 K(−1)
a (17)
being σKKN the string tension given by Karabali-Kim-
Nair [13, 14]. The power of the a factor will prove to
be crucial in the determination of the spectrum. This
choice of the string tension grants the exceedingly good
agreement with the lattice spectrum, as we will see in a
moment.
The spectrum can be straightforwardly evaluated and
compared to the lattice results [11]. One has [30]
mn√
σ
= (2n + 1)
pi
2 · 2 14 K(−1)a
Ng2√
σ
(18)
or
mn√
σ
= (2n + 1) · 5.032050686 . . . · √a 1√
1 − 1N2
, (19)
where use has been made of eq. (17) for the string ten-
sion. We see that the parameter a enters with a square
root. This can be obtained from preceding results in lit-
erature and is now completely justified by the theory.
The proper value is a = 2/3 [33, 34]. The compari-
son with lattice data for the ground state of the theory
is given in Tab. 1. The agreement is stunning and well-
below 1% for all N.
Table 1: Comparison for the ground state at varying
N and for N → ∞.
N Lattice(a) Theoretical Error
2 4.7367(55) 4.744262871 0.16%
3 4.3683(73) 4.357883714 0.2%
4 4.242(9) 4.243397712 0.03%
∞ 4.116(6) 4.108652166 0.18%
(a) Athenodorou&Teper, JHEP 1702, 015 (2017).
3. Case d = 3 + 1
In four dimensions, we cannot neglect the mass cor-
rection δµ2 anymore and so, the classical solutions to
consider must be changed in the following way
χ(x) =
√
2µ4
m2 +
√
m4 + 2λµ4
× (20)
sn
p · x + φ, m2 − √m4 + 2Ng2µ4
m2 +
√
m4 + 2Ng2µ4

with the dispersion relation
p2 = m2 +
Ng2µ4
m2 +
√
m4 + 2Ng2µ4
. (21)
The mass correction is given by
m2 = 2Ng2G2(0). (22)
As we will see, this mass correction has a negative
sign lowering the bare mass spectrum and fitting prop-
erly the lattice data. Due to the correction arising from
the renormalization of mass, the propagator changes ac-
cordingly. To work it out, we assume that G2(0) should
be evaluated iteratively. This will permit us to avoid
numerical computations obtaining anyway a consistent
closed form solution. Indeed, one has [32]
∆(p) =
√
m2 + µ2
√
Ng2/2Z∆(m2,Ng2)
2pi3
K3(k2(m))
×
(23)
∞∑
n=0
(−1)n(2n + 1)2 q
n+1/2
1 − q2n+1
1
p2 − m2n + i
.
We have set
k2(m) =
m2 − √m4 + 2Ng2µ4
m2 +
√
m4 + 2Ng2µ4
, (24)
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being
lim
m→0
√
m2 + µ2
√
Ng2/2Z∆(m2,Ng2) =
1
8
(25)
and q = exp
(
−piK′(k2)/K(k2)
)
with K′(k2) = K(1 + k2).
There are two key equations here. The mass spectrum
mn(m) = (2n + 1)
pi
2K(k2)
√
m2 +
Ng2µ4
m2 +
√
m4 + 2Ng2µ4
,
(26)
with k2 depending on m, and the mass shift m2 =
2Ng2∆(0). To evaluate the mass spectrum, we need to
solve the following gap equation
m2 = 2Ng2
√
m2 + µ2
√
Ng2/2Z∆(m2,Ng2)× (27)∫
d4p
(2pi)4
∞∑
n=0
(−1)n(2n + 1)2 2pi
3
K3(k2(m))
×
qn+1/2
1 − q2n+1
1
p2 − m2n + i
.
This represents a gap equation for the theory that should
be solved to get the spectrum. The best analytical ap-
proach is to assume the shift small and solve it itera-
tively. We will see that, in this way, a consistent solu-
tion is obtained. So, we take for the first iteration m = 0
giving
m2 ≈ 2Ng2
∫
d4p
(2pi)4
∞∑
n=0
(2n + 1)2
pi3
4K3(−1)× (28)
e−(n+
1
2 )pi
1 + e−(2n+1)pi
1
p2 − m2n(0) + i0
.
The evaluation of the integral is standard and can be
accomplished by using dimensional regularization. This
yields ( = 4 − d)
m2() = Ng2
∞∑
n=0
[
−2

+ (γ − 1) + ln m
2
n(0)
4piΛ2
+ O()
]
×
(29)
(2n + 1)2
pi
32K3(−1)
e−(n+
1
2 )pi
1 + e−(2n+1)pi
m2n(0).
Here we see the appearance of the cut-off Λ arising from
dimensional regularization. From this we extract the fi-
nite part to use in our computations
m2f inite = Ng
2(γ − 1)
∞∑
n=0
(2n + 1)2
pi
32K3(−1)× (30)
e−(n+
1
2 )pi
1 + e−(2n+1)pi
m2n(0).
Table 2: Comparison for the ground state at varying N and
fixing β to the proper lattice value.
N Lattice(a) Theoretical β(a) Error
2 3.78(7) 3.550927197 2.4265 6.0%
3 3.55(7) 3.555252334 6.0625 0.1%
4 3.56(11) 3.556337890 11.085 0.1%
6 3.25(9) 3.557102106 25.452 8.6%
8 3.55(12) 3.557471208 45.70 0.2%
(a) Lucini, Teper, Wenger, JHEP 0406, 012 (2004).
A straightforward computation gives for the finite part
m2f inite = m¯
2Ng2σ (31)
being σ =
√
Ng2/2µ2, the string tension to use to com-
pare with lattice results, and m¯2 = −0.03212775693 . . .
that is negative, shifting the spectrum downward. The
final formula, to use for comparison with lattice data
given in [1], is
mn√
σ
≈ (2n + 1) pi
2K(−1)× (32)1 + 14 − 12 K(
√
2/2) − E(√2/2)
K(
√
2/2)
 m¯2 2N2
β
 .
Here K(k) is the complete elliptic integral of the first
kind and E(k) is of the second kind. We have intro-
duced β = 2N/g2 in place of Ng2 to make easier the
comparison with lattice data that is given in Tab. 2 for
the would-be ground state. Indeed, we point out that we
have put n = 1 into eq.(32) as lattice data do not seem to
display the n = 0 case while this clearly appears for the
first excited state as explained below and is also clearly
seen in d = 2 + 1. The agreement is exceedingly good
hinting to some possible problems in the lattice compu-
tations for SU(2) and SU(6) but those data are quite old
by now with respect to the 2+1 case.
In order to compute the first excited state, we just note
that, in [1], states with mn = (2n+ 1)m0, mn1,n2 = (2n1 +
2n2 + 2)m0 and so on are obtained, being m0 the ground
state we showed above. So, the lowest excited state is
obtained by m0,0 = 2m0 that yields Tab. 3. Agreement
is exceedingly good as in the previous cases. Problems
on lattice computations seem to be evident for SU(2).
Anyway, for SU(3) the agreement is excellent and also
the tendency of the spectrum, at increasing N, seems
well recovered. We emphasize that we have used the
values of β given in [1] in our formula (32) to reach this
agreement.
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Table 3: Comparison for the first excited state at varying N
and fixing β to the proper lattice value.
N Lattice(a) Theoretical β(a) Error
2 5.45(11) 4.734569596 2.4265 13.0%
3 4.78(9) 4.740336446 6.0625 0.8%
4 4.85(16) 4.741783854 11.085 2.0%
6 4.73(15) 4.742802808 25.452 0.3%
8 4.73(22) 4.743294944 45.70 0.3%
(a) Lucini, Teper, Wenger, JHEP 0406, 012 (2004).
4. Conclusions
We were able to solve exactly the Dyson-Schwinger
equations for the Yang-Mills theory obtaining the corre-
lation functions till order 2, both in 3 and 4 dimensions.
This permitted us to obtain the spectrum of the theory
to compare with lattice data. Lattice data are quite re-
cent for 3 dimensions and we get a stunning agreement
(below 1%) with our theoretical computation for the
ground state of the theory, also varying the degree of
the SU(N) group. In 4 dimensions, lattice data are quite
older but, anyway, the agreement we obtained is at the
same level (below 1%) and, also in this case, at varying
the degree of the gauge group. Some exceptions occur,
e.g. SU(2) for the ground and the excited state as also
the missing n = 0 state, but this can be ascribed to the
lattice data, mostly if we expect a similar behavior of
the Yang-Mills theory in 3 and 4 dimensions. At this
stage, known also the availability of largely improved
computer facilities with respect to 2004, it is urged to
see fresher lattice data for this case as done for the lower
dimensional case. It is important to notice that this the-
oretical results give a strong support to lattice compu-
tations and show again how powerful and precise quan-
tum field theory can be.
References
[1] B. Lucini, M. Teper and U. Wenger, JHEP 0406, 012 (2004)
[hep-lat/0404008].
[2] Y. Chen et al., Phys. Rev. D 73, 014516 (2006) [hep-
lat/0510074].
[3] I. L. Bogolubsky, E. M. Ilgenfritz, M. Muller-Preussker,
A. Sternbeck, PoS LAT2007, 290 (2007). [arXiv:0710.1968
[hep-lat]].
[4] A. Cucchieri, T. Mendes, PoS LAT2007, 297 (2007).
[arXiv:0710.0412 [hep-lat]].
[5] O. Oliveira, P. J. Silva, E. M. Ilgenfritz, A. Sternbeck, PoS
LAT2007, 323 (2007). [arXiv:0710.1424 [hep-lat]].
[6] M. J. Teper, Phys. Rev. D 59, 014512 (1999) [hep-lat/9804008].
[7] B. Lucini and M. Teper, Phys. Rev. D 66, 097502 (2002) [hep-
lat/0206027].
[8] B. Bringoltz and M. Teper, Phys. Lett. B 645, 383 (2007) [hep-
th/0611286].
[9] M. Caselle, L. Castagnini, A. Feo, F. Gliozzi and M. Panero,
JHEP 1106, 142 (2011) [arXiv:1105.0359 [hep-lat]].
[10] M. Caselle, L. Castagnini, A. Feo, F. Gliozzi, U. Gur-
soy, M. Panero and A. Schafer, JHEP 1205, 135 (2012)
[arXiv:1111.0580 [hep-th]].
[11] A. Athenodorou and M. Teper, JHEP 1702, 015 (2017)
[arXiv:1609.03873 [hep-lat]].
[12] S. Narison, “QCD as a Theory of Hadrons From Partons to Con-
finement,” (Cambridge University Press, Cambridge, 2007).
[13] D. Karabali, C. j. Kim and V. P. Nair, Nucl. Phys. B 524, 661
(1998) [hep-th/9705087].
[14] D. Karabali, C. j. Kim and V. P. Nair, Phys. Lett. B 434, 103
(1998) [hep-th/9804132].
[15] V. P. Nair, Nucl. Phys. Proc. Suppl. 108, 194 (2002) [hep-
th/0204063] and Refs. therein.
[16] D. Karabali, V. P. Nair and A. Yelnikov, Nucl. Phys. B 824, 387
(2010) [arXiv:0906.0783 [hep-th]].
[17] R. G. Leigh, D. Minic and A. Yelnikov, Phys. Rev. Lett. 96,
222001 (2006) [hep-th/0512111].
[18] R. G. Leigh, D. Minic and A. Yelnikov, Phys. Rev. D 76, 065018
(2007) [hep-th/0604060].
[19] D. Karabali and V. P. Nair, Nucl. Phys. B 464, 135 (1996) [hep-
th/9510157].
[20] A. V. Nesterenko, Phys. Rev. D 62, 094028 (2000), [hep-
ph/9912351].
[21] A. V. Nesterenko, Phys. Rev. D 64, 116009 (2001), [hep-
ph/0102124].
[22] A. V. Nesterenko, Int. J. Mod. Phys. A 18, 5475 (2003), [hep-
ph/0308288].
[23] M. Baldicchi, A. V. Nesterenko, G. M. Prosperi, D. V. Shirkov
and C. Simolo, Phys. Rev. Lett. 99, 242001 (2007),
[arXiv:0705.0329 [hep-ph]].
[24] M. Baldicchi, A. V. Nesterenko, G. M. Prosperi and C. Simolo,
Phys. Rev. D 77, 034013 (2008), [arXiv:0705.1695 [hep-ph]].
[25] I. L. Bogolubsky, E. M. Ilgenfritz, M. Muller-Preussker,
A. Sternbeck, Phys. Lett.B676, 69-73 (2009), [arXiv:0901.0736
[hep-lat]].
[26] A. G. Duarte, O. Oliveira and P. J. Silva, Phys. Rev. D 94, no. 1,
014502 (2016), [arXiv:1605.00594 [hep-lat]].
[27] A. Deur, S. J. Brodsky and G. F. de Teramond, Prog. Part. Nucl.
Phys. 90, 1 (2016), [arXiv:1604.08082 [hep-ph]].
[28] A. Deur, Eur. Phys. J. C 77, no. 6, 412 (2017)
[arXiv:1611.05515 [hep-ph]].
[29] P. Gonzalez, V. Mathieu and V. Vento, Phys. Rev. D 84, 114008
(2011) [arXiv:1108.2347 [hep-ph]].
[30] M. Frasca, Eur. Phys. J. C 77, no. 4, 255 (2017)
[arXiv:1611.08182 [hep-th]].
[31] M. Frasca, Eur. Phys. J. Plus 132, no. 1, 38 (2017) Erratum:
[Eur. Phys. J. Plus 132, no. 5, 242 (2017)] [arXiv:1509.05292
[math-ph]].
[32] M. Frasca, arXiv:1705.07647 [hep-ph].
[33] N. Isgur and J. E. Paton, Phys. Rev. D 31, 2910 (1985).
[34] R. W. Johnson and M. J. Teper, Phys. Rev. D 66, 036006 (2002)
[hep-ph/0012287].
